Abstract. We give a description of asymptotic quadratic growth rates for geodesic segments on covers of Veech surfaces in terms of the modular fiber parameterizing coverings of a fixed Veech surface. To make the paper self contained we derive the necessary asymptotic formulas from the Gutkin-Judge formula. As an application of the method we define and analyze d-symmetric elliptic differentials and their modular fibers F sym d
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Introduction
During the last decade major progress in calculating asymptotic quadratic growth rates of geodesic segments on translation surfaces has been made. After introducing an asymptotic formula for a special type of surfaces (see [V2, V3] ), now called lattice-, or Veech-surfaces, Veech found a fairly general integral-formula [V4] relating the asymptotic constants of a translation surface to the SL 2 (R)-orbit closure of the surface in the moduli space of translation surfaces. To evaluate the so called Siegel-Veech formula for a Date: February 2, 2008. 2000 Mathematics Subject Classification. 14H15, 30F30, 30F60, 37C35, 58D27. particular translation surface one needs to calculate the volume of the closure of the surfaces SL 2 (R)-orbit in moduli space, which in general is not known to be well-defined, since presently there are no general structure theorems for SL 2 (R)-orbit classification. First assuming the SL 2 (R)-orbit closure of a surface is a complex manifold, one can rewrite part of the Siegel-Veech constants in terms of volume of this orbit closure. To complete the evaluation of Siegel-Veech constants one has to know the orbit(s) of the surface with respect to the action (of conjugates) of the unipotent group U := {[ 1 t 0 1 ] : t ∈ R} ⊂ SL 2 (R). Specifying an U -orbit closure classification is known as the Ratner problem for the moduli space of (translation) surfaces (see [EMZ] ). Improvement of Veechs work by Eskin and Masur [EM98] says that the generic surface in a stratum admits Siegel-Veech constants. Essentially a "generic" surface has the whole stratum as its SL 2 (R)-orbit closure. Strata are complex manifolds and certain Siegel-Veech constants for "generic" surfaces in a given stratum have been calculated in [EM98, EMZ] .
This leaves the fundamental problem to tell, if a given surface actually belongs to the generic set. Jet another difficulty is the complexity arising in volume calculations for "spaces" of high genus surfaces. Moduli space volumes rely on counting torus coverings and have been studied in [EMZ] using results of [EO] .
A class of examples where one understands all SL 2 (R) (and U ) orbit closures are spaces of torus-covers. In fact spaces of torus-covers cover a homogeneous space themselves, therefore we have a Ratner-Theorem with respect to the action of the unipotent group U on spaces of torus-covers. Recently Eskin, Marklof and Morris-Witte established a Ratner Theorem for spaces of coverings of Veech surfaces which are not tori (see [EMM] ).
For genus 2 torus-covers generic Siegel-Veech constants were calculated in [EMS] .
So far the literature does not provide an applicable method to calculate Siegel-Veech constants for surfaces in arbitrary high genus, avoiding the above mentioned difficulties of the general approach. There is motivation to have such a method partly related to polygonal billiards, but also to study the inner structure of series of asymptotic constants as found in [EMS] . In this paper we develop a method to calculate Siegel-Veech constants [S3] for moduli spaces of coverings of Veech-surfaces and express the constants in terms of the translation geometry of the modular fiber parameterizing coverings of a fixed Veech surface. Finally we define and describe a 2-dimensional (fiber-) space of torus-covers in any genus, including an evaluation of SiegelVeech constants for all surfaces parameterized by these modular fibers.
Recall that a translation surface is a Riemann surface X together with an atlas whose chart changes are translations in C. Equivalently one can consider pairs (X, ω), where X is a Riemann surface and ω ∈ Ω(X) a non-trivial holomorphic 1-form on X. A translation atlas allows to glue together local the local 1-forms dz, obtaining a global holomorphic 1-form ω on X. The induced metric has finitely many singular points, or cone points, which are located in Z(ω), the set where ω vanishes. This allows to consider the set SC X (p 1 , p 2 ) of all geodesic segments connecting two given cone points p 1 , p 2 ∈ Z(ω), not containing any other cone point. Goedesic segments with this property are usually called saddle connections.
Closed geodesics on (X, ω) not containing cone points typically appear in (maximal) families of parallel geodesics having the same length, say w. Any maximal family covers an open set on X isometric to a cylinder C = R/wZ × (0, h), the positive number h is called height of the cylinder and w = w(C ) is its (core) width. The images of the closed geodesics under this isometry are horizontal loops R/wZ × {l} ⊂ C .
To specify the growth rate problems take the set of maximal cylinders Cyl X on X or one of the sets SC X (p 1 , p 2 ) and consider the counting function R + → N T → N (Cyl X , T ) := |{C ∈ Cyl X : w(C ) < T }|.
The following result is fundamental (see [M1, M2] and [EM98] for a recent version):
Theorem [Masur] There are constants c min , c max such that 0 < c min T 2 < N (Cyl X , T ) < c max T 2 , whenever T >> 0.
A similar statement holds for the function N (SC X (p 1 , p 2 ), T ) counting saddle connections between p 1 ∈ X and p 2 ∈ X shorter than T . In case the space SL 2 (R) · (X, ω) obeys a Ratner Theorem, Masur's Theorem upgrades to π · c cyl (X) = lim
We recall that the SL 2 (R)-action on translation surfaces is defined as follows:
Take a natural chart ζ(p) = p p 0 ω around p 0 ∈ X\Z(ω) and simply postcompose this chart using A ∈ SL 2 (R) acting real linear on R 2 ∼ = C. Doing this for all natural charts gives a new translation structure ( X, ω) = A · (X, ω). Obviously the numbers and orders of the zeros of ω agree with the ones of ω. Since the SL 2 (R)-action descends to an action on the moduli space of translation structures, the above implies that the SL 2 (R)-action preserves sets of Abelian differentials with given singularity pattern, so called strata. Strata are complex orbifolds [V1] and SL 2 (R) · (X, ω) is typically (for the generic surface) the whole stratum, but sometimes just a subset (of shape which has yet to be described).
We are interested in Abelian differentials (X, ω) which are branched covers of tori.
Elliptic differentials. A lattice Λ ⊂ R 2 ∼ = C is a subgroup such that R 2 /Λ is a torus. The pair (X, ω) is called elliptic differential, if there is a lattice Λ and holomorphic map π : X → C/Λ , such that
Throughout the paper we assume lattices denoted with Λ are unimodular, i.e.:
However for our purpose a slightly extended notion of elliptic differentials is appropriate to cover degenerated differentials.
consists of the following data:
• a topological space X and a set of points {p 1 , ...p n } ∈ X • a Riemann surface structure on
We call an elliptic differential regular, if (X, p 1 , ..., p n , ω) extends to a differential on X, otherwise we call (X, p 1 , ..., p n , ω) degenerated. Note that this notion includes for example unions of tori over the same base lattice, identified in finitely many points. This class of degenerated elliptic differentials appears naturally in the compactification of modular fibers. The degenerated differentials are just stable curves equipped with a holomorphic differential away from finitely many singular points.
Connected spaces of elliptic differentials E , which are closed under the action of SL 2 (R) admit a fiber bundle structure:
Here the fiber F is the set of all torus covers in E which cover a particular torus C/Λ. Usually we consider the fiber over Λ = Z 2 which causes no restrictions of generality. It is easy to see, that the lattice of absolute periods of τ , i.e.
equals Λ for all (Y, τ ) ∈ F . We will prove the following special version of a statement in [S2] :
is not torsion with respect to the natural translation cover π : Y → Y / Per(τ ). Then F τ := SL 2 (Z) · (Y, τ ) admits a natural structure as an elliptic differential (F τ , ω τ ) with a lattice group of affine homeomorphisms:
In addition θ ∈ S 1 is a periodic direction on (X, ω), if and only if it is periodic on
The cylinder decomposition C i,1 (α), ..., C i,n i (α) of any (S, α) ∈ C i in direction θ is the same, in the sense that the foliation F θ (S, α) contains n i cylinders having width w i,j = w(C i,j (α)) independent of (S, α) ∈ C i .
Remark 1. The space F τ might not be connected, for this reason we use its affine group rather than assigning a "Veech group" to it. For example think of an arithmetic torus cover (Y, τ ), then the modular fiber
is a finite union of Veech surfaces with Veech group a sub-group of SL 2 (Z). We then say the affine group of this union of surfaces, i.e. the modular fiber F τ , is Aff + (F τ ) which in turn has linear part D Aff + (F τ ) = SL 2 (Z). More general, if we start with a torus cover (Y, τ ) and obtain a 2-dimensional modular fiber
It is known (see [GHS] , [EMM] ) that the Aff + (F τ , ω τ )-orbit of a nonperiodic "point" (Y, τ ) ∈ F τ is equally distributed in F τ (w.r.t. Lebesque measure). Remark 2. Theorem 1 can be generalized to non-arithmetic surfaces. Modular fibers (F τ , ω τ ) are surfaces (or spaces) which should be studied for itself. The modular fibers of genus 2 torus-coverings for example provides a family of arithmetic surfaces with unbounded genus, but yet accessible structural properties, see [S3] . Subspaces of (higher dimensional) modular fibers which are Veech-group invariant and 2-dimensional are studied in [HST] . In this paper we study the easiest case of modular fibers: when the modular fiber is a torus itself.
Asymptotic constants via modular fibers. From now on, whenever we write down a modular fiber as a pair (F , ω F ), i.e. equipped with an Abelian differential, we assume it has dimension 2.
is the modular fiber of a space of elliptic differentials which are translation covers of (R 2 /Z 2 , dz). Denote the maximal horizontal cylinders in F h (F τ , ω τ ) by C 1 , ... , C n F . Further assume the n i maximal cylinders in the horizontal foliation of (S, α) ∈ C i have width w i,1 , ..., w i,n i . If (S, α) ∈ F τ has infinite Aff + (F τ , ω τ ) orbit, then it admits the Siegel-Veech constant
for maximal cylinders. If the orbit
is finite, we have
The Theorem expresses Siegel-Veech constants as quantities depending on the horizontal foliation of the modular fiber (F τ , ω τ ). Note that each leaf L ∈ F h (F τ , ω τ ) has a finite U ∩ SL 2 (Z) orbit. Looking at the U orbit of L in E , we see either a disjoint union of cylinders, if L is a saddle connection, or a disjoint union of 2-tori in E , if L is a regular loop. That shows, the U orbit closures (of (S, α)), might be much smaller than the SL 2 (Z)-orbits (of (S, α)).
Saddle connections. For saddle connections one obtains a very similar formula involving the saddle connections in F h (F τ , ω τ ). Indeed given a saddle connection s on a finite SL 2 (Z) orbit surface (S, α) ∈ F τ with two cone points we can always find an A ∈ SL 2 (Z), such that on A · (S, α) ∈ F τ the image of s, i.e. A · s, is horizontal. Restriction to the two cone point situation implies, that for each horizontal saddle connection s ∈ F h (S, α) which connects one and the same cone-point there is a saddle connection in s F ∈ F h (F τ , ω τ ) with |s| = |s F |. In particular all horizontal saddle connections on (F τ , ω τ ) have integer length, if (S, α) covers R 2 /Z 2 . Moreover each rational point on a horizontal saddle connection of F τ represents an arithmetic surface (S, α), having a horizontal saddle connection s which connects the two cone points of (S, α). In fact as a point (S, α) ∈ s F ∈ F h (F τ , ω τ ) divides the saddle connection s F into two pieces, say s + and s − , and (S, α) contains horizontal saddle connections of length |s + | and of length |s − | connecting the two different cone points. There are two multiplicities m ± s F of saddle connections of length s ± which are the same for all (S, α) ∈ s F .
be the set of all horizontal saddle connections in F τ , then taking the assumptions and notations of Theorem 2, we find for the asymptotic quadratic growth rate c ± (α) of saddle connections on (S, α) ∈ F τ connecting the two different cone points of (S, α)
with O α (s) := O α ∩ s in the finite orbit case. For generic (S, α) we find
where o p = o p + 1 and o p is the order of the zero p ∈ Z(ω τ ).
Remarks. One can break down these constants into smaller parts associated with the U orbit of a saddle connection s F ∈ SC h (F τ , ω τ ), or SL 2 (Z)-orbits of cone points p ∈ Z(ω τ ) in the generic case. The terms m − and s − do not appear in the expressions for the constants, because there is an isometric involution φ ∈ Aff + (F τ , ω τ ) of F τ which exchanges "+" and "−", causing the factor 2 in the expressions.
Let us also mention, that in case of our example the generic constant c ± (α) can be obtained by taking the limit over constants of any sequence of arithmetic surfaces (
while it is (in general) not true that
The reason for that has to do with the following observations:
• The SL 2 (Z) orbit of all surfaces contained in the set
d-symmetric differentials. The main goal of this paper is to carry out a completely explicit example illustrating Theorem 1 and evaluating the asymptotic constants in Theorem 2. To begin with, consider the following class of elliptic differentials:
with the natural projection π : (Y, τ ) → C/ Per(τ ). Here Aut(Y, τ ) is the group of affine homeomorphisms of (Y, τ ), preserving the holomorphic one form ω. The automorphism group is finite, if g(Y ) > 1, since homeomorphisms of Y preserving τ are in fact holomorphic. We obtain d-symmetric differentials using the following:
Connected sum construction. Given an Abelian differential (X, ω) and a regular leaf L ∈ F θ (X). Take a ∈ L and define the line segment
Then for d ≥ 2 and a cycle σ ∈ S d we define the Abelian differential 
we can rename the d copies of X such that the cycle σ becomes τ = (1, 2, 3, ..., d). In this case we simply write:
We apply this construction to a torus covering, by taking d copies of T 2 and cut them along the projection of the line segment
For the first we assume the image of I v on T 2 is not a loop. Denote the result by
One extends this to all line segments
on Teichmüller space. The torus covers obtained by this connected sum construction have genus d and the translation structure has precisely two cone points of order d. For d = 2 we obtain the example from the introduction of part one of this paper and for d = 1 one obtains 2-marked tori studied in [S1] . By construction every # d I (T 2 , dz) has automorphism group
and is a d-fold torus cover. Therefore all
There is an obvious, but interesting consequence:
, having the congruence group Γ 1 (n) as Veech group. In fact an (Y, τ ) with this Veech group is given by
Note that # d g/n (T 2 , dz) is degenerated, if and only if g/n ∈ Z, or in other words n|g. Thus given n ≥ 2, there are always infinitely many non-degenerated d-symmetric differentials with Veech group Γ 1 (n) as well as infinitely many degenerated ones with the same Veech group.
For d-symmetric differentials we evaluate formula 3 and find:
Then the asymptotic quadratic growth rate of periodic cylinders c cyl on S is:
We evaluate formula 4 for Convention. For objects related to modular fibers we will use script fonts like F , C and L , while for (objects on) translation surfaces, which are not modular fibers, we use calligraphic fonts C and L .
Background
Geodesic segments on elliptic differentials. For any θ ∈ [0, 2π] the direction foliations F θ given by ker(sin(θ)dx + i cos(θ)dy) on C define foliations F θ (C/Λ) on any torus C/Λ. The leaves of F θ (C/Λ) are straight lines and geodesics on C/Λ with respect to the metric |dz| 2 = dx 2 + dy 2 . These objects pull back to any elliptic differential (X, ω), i.e. there are direction foliations F θ (X, ω) having integral curves which are straight lines with respect to the metric |ω| 2 .
Given a covering π :
is a cover of (T 2 , dz) := (C/Z ⊕ Zi, dz), leaves of F θ (X, ω) are compact whenever tan(θ) ∈ Q. A compact leaf which either has integral curve γ, or is represented by a homology cycle [γ] is denoted by L γ . We call a leaf L regular, if it does not contain any zeros of ω.
Dynamics of SL
Recall that marked tori are the modular fibers for moduli spaces of d-symmetric differentials.
It is clear that the affine group Aff
Clearly the short exact sequence of affine map becomes (9)
As mentioned above, we mark one point on T 2 , say the origin 
This is easy to see, compare [S1] up to the fact that there we allow affine maps which interchange the marked points. The linear part of this bigger affine group is isomorphic to Γ
in particular
The product is taken over all prime divisors p of n. We have also used the Euler ϕ function and the Dedekind ψ function:
We denote the set of torsion points of order
. On the standard torus T 2 = T 2 1 we have by equation 10
Now the isomorphism
is SL 2 (Z) equivariant and identifies torsion points of order m.
Cusps and fundamental directions. Take a lattice surface (X, ω), then Veech group SL(X, ω) acts on the set of periodic directions
The set of fundamental directions is finite and in bijection to the cusps of SL(X, ω).
Asymptotic formulas for branched covers of Veech surfaces
Now we develop a formalism for evaluating quadratic growth rates for branched covers of Veech surfaces. In case the covering is itself Veech, we derive the asymptotic formula based on the formula found by Gutkin and Judge [GJ] and independently by Vorobetz [Vrb] . In [S2] we use the SiegelVeech formula to obtain Siegel-Veech constants for any dimensions of F .
We start with the following data:
3. a space of covers
Note: in general assumption 2 is a condition (which can always be reached by naming some objects on the cover). For arithmetic differentials (Y, τ ) however, the (absolute) period lattice Λ = Per(τ ) ∈ C gives the covering
For an arbitrary covering p : (Y, τ ) → (X, ω) we can achieve
by taking the reduced translation structure,
where π : Y → Y red is the natural projection. We continue with assumptions; 4. let v 0 , ..., v n ∈ P 1 (SL(X, ω)) be a set of fundamental directions on the base surface (X, ω). Without restrictions we assume v 0 is horizontal. 5. furthermore let
The following asymptotic formula has been derived by Gutkin and Judge [GJ] , compare also [EMM] .
Proposition 2. Assume the stabilizer N ⊂ SL 2 (R) of v ∈ R 2 has nontrivial intersection with a lattice Γ ⊂ SL 2 (R) and let A be a generator of N ∩ Γ, then
where v ⊥ is perpendicular to v.
Without restrictions we take v ⊥ = 0 h and v = [ w 0 ] ∈ R 2 and might think of it as a cylinder of height h and width w contained in the horizontal foliation of (X, ω). Now formula 13 reads (14)
with a linear Dehn twist given by
Now we relate the above formula for the base surface (X, ω) to the one for the cover (Y, τ ). We already saw:
• There is an operation of SL(X, ω) on the set of coverings (Y, τ ) → (X, ω).
In particular there is a transitive operation on the orbit SL(X, ω) · (Y, τ ) in moduli space F τ .
• a direction v on (X, ω) is completely periodic, if and only if it is completely periodic on (Y, τ )
The following observation is fundamental for all calculations and formulas in this section.
Combinatorial description of cusps on (Y, ω). Take the base Veech surface (X, ω) and choose a fundamental direction v, again we assume v is horizontal. The fundamental directions v 0 , ..., v n of a Veech surface (X, ω) represent the cusps of H/SL(X, ω).
Proposition 3. The number of cusps of (Y, ν) above a given cusp v on (X, ω) are in one-to-one correspondence to the u v orbits on the set SL(X, ω)/SL(Y, ν).
Proof. For every direction w ∈ P 1 (SL(X, ω)·v) there is (at least one) surface
for which A · w is horizontal. If there are two maps A, B ∈ SL(X, ω) making the direction w horizontal, then
which is the length of the u v orbit of (S, α). This proves the claim.
We define the relative width of a cusp represented by a direction w over v on (Y, ν) as the length of the u v (the stabilizer of v in SL(X, ω)) orbit
Note: for arithmetic surfaces (= torus covers) the relative cusp width is the same as the usual cusp width. Also for arithmetic surfaces the above characterization of cusps was discovered by A. Zorich and published in [HL] .
Together with equation 14 we have:
Again assume v is a periodic direction on (X, ω), pick a periodic cylinder c X ⊂ F v (X, ω), (or saddle connection s X ∈ F v (X, ω)). Take a pre-image c S (or s S ) of c X (s X respectively) on a differential (S, α) ∈ O τ , then by 16 we have the asymptotic quadratic growth rate
Now for any fundamental direction w of (Y, τ ) such that w ∈ SL(X, ω) · v there is a differential (S, α) = A·(Y, τ ) ∈ O τ such that v = A·w. Thus we can apply equation 18 to all cylinders in a cylinder decomposition in direction w on (Y, τ ) by looking at the cylinder decomposition C α,1 , ..., C α,nα in direction v = Aw on (S, α) = A · (Y, τ ). Denote the width of the cylinder C α,i by w α,i , then the asymptotic quadratic growth rate of all cylinders on (Y, τ ) having direction contained in the set SL(X, ω) · v is given by:
Siegel-Veech constants -finite orbit case. The Siegel-Veech constant for cylinders (or saddle connections) on any (S, α) ∈ O τ is now obtained by taking the sum over all cylinders a fundamental directions v 1 , ..., v n on (X, ω):
Note that away from the hyperbolic volume, an index and length of cylinders in a particular direction one needs to know only the set of fundamental directions on the base (X, ω) and the number l v i associated to each fundamental direction.
Basic examples -arithmetic surfaces. Arithmetic surfaces (Y, τ ) possess a natural map to a torus C/Λ. Taking an SL 2 (R) deformation of (Y, τ ) we might assume Λ = Z ⊕ Zi, the deformation does not change quadratic growth rates. Now on T 2 = C/Z ⊕ Zi there is only one fundamental direction, we can assume this direction is horizontal and l v i = 1. We write down the statements for several sub-types of saddle connections later, there are many interesting cases labeled by various properties to consider.
Note that for arithmetic surfaces the formula is completely general. We apply it in this paper after using the cylinder decomposition of the moduli space fiber to simplify and organize information.
Basic examples -non arithmetic Veech surfaces. Non arithmetic Veech surfaces cannot have a direction with one single closed cylinder. Thus the best situation is (X, ω) has • only one fundamental direction v with, say k cylinders and • the moduli w 1 /h 1 = ... = w k /h k =: m of the cylinders are all the same here w i is the width and h i the height of the i-th cylinder. It follows l v = m and the the Siegel-Veech constant for cylinders is
A new paper by Eskin, Marklof and Morris [EMM] contains a discussion of the Veech surfaces X n obtained by linearization of the billiard in the triangle with angles (π/n, π/n, (n − 2)π/n). A result of Veech [V3] shows X n has only one fundamental direction v and the cylinder moduli are all the same. Thus formula 21 applies (compare [EMM] pgs 26-28). In fact one can simplify using explicit expressions for the w i and h i , see [V3, EMM] .
Both classes of examples are prototypes to consider branched covers above them. For a very particular case, 2-fold covers of X n , this has been done in [EMM] to get information on some non Veech triangular billiards.
4. Counting using the horizontal foliation of the modular fiber.
One can organize the asymptotic formula 20 using modular fibers. Assume (X, ω) is Veech with lattice group SL(X, ω) and π : (Y, τ ) → (X, ω) is a (branched) covering. Define
The closure of these two spaces is taken within the set of Abelian differentials having the same zero order pattern as τ . There is another closure, denoted by F c τ (E c τ respectively), coming from the compactification of the fibers
viewed as Abelian differentials. The set F c τ − F τ parameterizes degenerated differentials, but eventually not up to isomorphy. In our definition of E τ = E τ (o 1 , ..., o n ) we distinguish cone points, which makes F τ into an Abelian differential, if dim(F τ ) = 2 (see [S2] ). In case (Y, τ ) is Veech itself
and by taking base points with respect to π : ΩM g → M g we obtain a Teichmüller curve in M g .
In this paper we are mainly interested in cases, when the dimension of F τ equals 0 or 2. Since we understand the 0-dimensional case already, we develop the counting theory for 2-dimensional fibers.
Proof of Theorem 1. For every (S, α) ∈ F τ there is a map π : (S, α) → (X, ω) which for arithmetic S becomes π : (S, α) → (C/ Per(α), dz). Now choose a symplectic base of the relative homology H 1 (Y, Z(α); Z), say (γ 1 , ..., γ 2g , γ 2g+1 , ..., γ 2g+n ). Given an ordering z 0 , ..., z n of the zeros z i ∈ Z(α) the relative cycles (γ 2g+1 , ..., γ 2g+n ) can be chosen to have the property
To use the given symplectic base for other surfaces, we suppose every differential (S, α) comes with a marking φ S : (Y, Z(τ )) → (S, Z(α)), i.e. an orientation preserving homeomorphism mapping Z(τ ) bijectively onto Z(α). This allows to identify H 1 (Y, Z(τ ); Z) with H 1 (S, Z(α); Z). Using the (relative) homology base, one defines local coordinates of the connected component of the stratum
giving the stratum a complex manifold structure. The SL 2 (R) action on differentials
obviously commutes with integration
giving the standard real linear action of SL 2 (R) on coordinates.
If (S, α) is arithmetic, the absolute periods γ ∈ H 1 (Y ; Z) generate a lattice
and therefore a map of differentials
By definition of the SL 2 (R)-action on differentials
Per(SL(C/ Per(α), dz) · α) = Per(α), which implies that SL(C/ Per(α), dz) acts on the set of differentials (X, ω) ∈ SL 2 (R) · (Y, τ ) with absolute period lattice Per(ω) = Per(α). For simplicity we assume from now on Per(α) ∼ = Z 2 and thus all differentials contained in the modular fiber
have absolute period lattice Z 2 , by continuity of local coordinates (23). The difference of any two relative periods γ 1 , γ 2 ∈ H 1 (Y, Z(τ ); Z) with
is an absolute period, hence there is a well-defined map (25) π :
whenever γ i is a relative cycle with ∂γ i = z 0 − z i . By definition of local coordinates this map is holomorphic and by construction of F τ SL 2 (Z)-equivariant. In fact, since the absolute period lattice is the same for all surfaces parameterized by F τ , the absolute period coordinates are locally constant on F τ and thus π provides local coordinates of F τ . This implies together with the SL 2 (Z) equivariance that π :
n is a covering with image a union of tori of dimension equal of dim(F τ ).
By assumption we are interested in differentials (Y, τ ) having exactly 2 cone points covering T 2 in a way that the relative location of the cone points is torsion. This means we obtain a surjective cover
since the π image of the relative period coordinate is not closed under SL 2 (Z). Thus F τ is an arithmetic surface, by construction it is square-tiled. Now we can pull back dz to get a holomorphic 1-form ω τ = π * dz on F τ , thus obtaining an elliptic differential
which has by definition D Aff + (F τ , ω τ ) = SL 2 (Z). By means of its definition as a stabilizer group one would not call SL 2 (Z) the Veech group of (F τ , ω τ ), if F τ is not connected. On the other hand each deformation of a surface (S, α) ∈ F τ along a path t → γ(t) ∈ SL 2 (R), such that γ(0) = id and γ(1) = A ∈ SL 2 (Z) represents a homotopy class
which in turn defines an affine homeomorphism
That the map is affine with derivative A ∈ SL 2 (Z), follows immediately from the previous definition of the translation structure on F τ and equation (24). Thus we get isomorphisms
Cylinder decomposition of (F τ , ω τ ). As an cover of T 2 the differential (F τ , ω τ ) is completely periodic in each rational direction, in particular in the horizontal direction. Thus we only need to show, that every (S, α) ∈ F τ admits a completely periodic horizontal foliation. But this is obvious, because Per(α) = Z 2 ⊃ Per(ω τ ).
The above generalizes in an obvious way to any deformed fiber A · (F τ , ω τ ), [A] ∈ SL 2 (R)/SL 2 (Z). Moreover one can extend this result to 2-dimensional, SL(X, ω)-invariant subspaces in X n , for any (reduced) Veech surface (X, ω) (see [HST] ).
Stability of cylinder-decompositions. The case we are interested in is (Y, τ ) is a non-arithmetic cover π : Y → T 2 with exactly 2 cone points p 0 and p 1 , we assume π(p 0 ) = [0] ∈ T 2 . This implies the modular fiber
there is a neighborhood of (S, α) ∈ F τ where γ is represented by a regular leaf of the same length as L . Indeed regular leaves L ∈ F θ (S, α) have positive distances from the cone point p 1 , and all these distances are continuous functions depending on (the coordinates of) (S, α) ∈ F τ . Since the length function 27 is constant on each connected component of F τ for curves γ such that [γ] ∈ H 1 (Y ; Z), the only possible thing which can happen under deformation is that γ looses the property of being realized by a regular leaf (if it is at all). This in turn happens only if the cone point p 1 crosses the leaf L realizing γ. If we now fix a periodic direction θ ∈ S 1 on (S, α) ∈ F τ , the same direction is is periodic on F τ . Now assume (S t , α t ) ∈ L ∈ F θ (F τ , ω τ ), L regular and {(S t , α t ) : t ∈ R} = L . Then by the above all regular leaves of any (S t , α t ) in direction θ ∈ S 1 stay regular since we move the cone point p 1 in direction θ. This completes the proof.
Elliptic differentials. As in the previous proof, we assume
is a fiber space of elliptic differentials (S, α) with two cone points of ord er o i and period lattice Per(α) = Z 2 . Each horizontal cylinder C i of F τ is bounded by a union of saddle connections ∂ top C i parametrizing elliptic differentials (S, α) ∈ F τ ∩ ∂ top C i where the two cone points z 0 , z 1 ∈ Z(α) are connected by (at least one) horizontal saddle connection, say s ∈ F h (S, α). Thus deforming (S, α) along ∂ top C i is nothing but collapsing the two cone points of (S, α) into one. This means points on ∂ top C i contain (degenerated) elliptic differentials of type E (o) where
Remark. We will see, that these degenerated surfaces are not necessary cone points of (F τ , ω τ ). Now the cylinder decomposition of (S, α) ∈ F τ is not affected when deforming (S, α) inside C i , however the height of some horizontal cylinders on (S, α) disappears when deforming into ∂ top C i . Hence there are some horizontal cylinders on (S, α) which degenerate to saddle connections when deforming (S, α) into ∂ top C i . The only thing we use is that the (width of the) cylinders on (S, α) which degenerate do not depend on point where we enter ∂ top C i through C i . This allows to simplify counting formula (20) above using the cylinder decomposition of
Calculating quadratic constants using sequences. Choose a nonperiodic direction θ ∈ S 1 on (S, α) ∈ F τ , or equivalently on F τ , take the unipotent subgroup u θ (t) ⊂ SL 2 (R) and look at the orbit
Using the Siegel-Veech formula and ergodicity of the u θ action on ∪ T >0 O θ,α (T ), one can calculate all kinds of Siegel-Veech constants. Given the shape of the Siegel-Veech formula one can try to use O θ,α (T ), to approximate SiegelVeech constants for (S, α) (however this can be done). One expects to be close to the real Siegel-Veech constant for (S, α), when T is large enough. However the orbit we have chosen hits the modular fiber F τ only once. Thus one needs to consider unipotent subgroups which orbit returns to F τ often, i.e. the unipotent subgroups generated by parabolic elements fixing a periodic direction of F τ . Depending on the chosen point (S, α) ∈ F τ we see a finite or infinite intersection
in the infinite case we see (a union of) leaves
In the finite orbit case we like to ask, if a sequence of finite orbit surfaces (S i , α i ) ∈ F τ with lim i→∞ |O α i | = ∞ admits the continuity property
for any type of Siegel-Veech constant c * . Here c * ,gen is the Siegel-Veech constant for generic surfaces in ∪ i O α i . Because F τ is an arithmetic surface itself, we expect
To avoid a general discussion, assume for the moment the orbits O α i become more and more equally distributed in F τ with respect to Lebesque measure. This is known to be true for (S, α) ∈ F τ with infinite SL 2 (Z) orbit, in fact [EMM, EMS] implies that O α is equally distributed in F τ with respect to Lebesque measure. Using either series of finite orbits (with equal distribution assumption), or infinite orbits, we obtain the asymptotic constant for generic differentials as a limit from formula (29)
because by equal distribution in the limit (31)
Without giving a completely general proof (for equal-destribution or convergence) at this place, we verify convergence of asymptotic constants in case of d-symmetric differentials (in most cases).
Counting saddle connections. The asymptotic formula for saddle connections is the same as the one for cylinders as long as (S, α) ∈ F τ is arithmetic (or in general: Veech). One just needs to replace the width w i of cylinders in the horizontal direction by the length of the bounding saddle connections s j in formula 29. Things become different if we take (S, α) ∈ F τ and ask for the quadratic growth rate of saddle connections which connect the two (different) singular points z 0 , z 1 ∈ Z(α) of (S, α). If a line segment connecting z 0 with z 1 is horizontal, (S, α) is located on a saddle connection in F h (F τ ), because we can degenerate (S, α) by moving z 1 into z o along a saddle connection s F ∈ F h (F τ ). Now the saddle connections on (S, α) which are killed by this deformation are exactly of the length of the path necessary to degenerate (S, α) along s F ∈ F h (F τ ), or in other words the length of these saddle connections is the distance of (S, α) ∈ s F ⊂ F τ to the endpoint of s F .
There are two possible directions (left or right) to move (S, α) into a cone point of F τ ) along the saddle connection s F . We denote the distance of (S, α) ∈ s F to the left, or right endpoint of s F by s − α , s + α respectively. On each (S, α) ∈ s F there are m ± s saddle connections of length s ± α which disappear when moving (S, α) into the endpoints on s F . Using this and formula 29 we find the quadratic asymptotic constant c ± (Y, τ ) for the set of saddle connections SC ± on (Y, τ ) ∈ F τ connecting two (different) cone points z 0 and z 1 :
with O τ (s) := O τ ∩ s. The last identity follows from the existence of an involution φ ∈ Aff + (F τ ) with D φ = − id acting on SC h (F τ , ω τ ).
Remarkably one can also obtain Siegel-Veech constants c ± for generic surfaces in F τ using sequences of arithmetic differentials (S i , α i ). At hand of the modular fibers for d-symmetric differentials one sees, that the smallest pieces into which we can decompose the generic constant
are the constants associated to SL 2 (Z) orbits of degenerated differentials in F c τ . We show convergence of constants for 2-symmetric differentials on pgs. 37 -38. Comparing our method, i.e. using sequences, with the direct calculation using the Siegel-Veech formula we observe that only the number of intersections
with a small disc B p (ε) of radius ε, centered at a cone point p plays a role. To get the right generic constant in the limit n → ∞ O n must become more and more equally distributed in F τ since only then:
Note, that in this case it is not necessary to consider distances of a particular point or surface (S, α) ∈ O n ∩ B q (ε) to the cone point q like in the previous formulas.
It is common, see [EMZ] and [EMS] , to divide the generic asymptotic constant into constants by prescribing orders of cone points o = o(z), z ∈ Z(ω τ ).
(33) c
Note that sets with prescribed orders of cone points are SL 2 (Z)-invariant and that our previous formulas represent a decomposition of constants which goes beyond fixing cone-point orders.
Other asymptotic constants. Assume
is a fiber of a 2-dimensional space of elliptic differentials having two cone points of order o 1 and o 2 . Let C 1 , ..., C n be the decompositon of the horizontal foliation (a,b) is u t = ( 1 t 1 0 ) invariant we can define the following asymptotic constants for finite orbit (S, α) ∈ F τ :
and for generic (S, α) ∈ F τ :
The cylinders C i,k contained in the horizontal foliation of (S, α) ∈ C i, (a,b) have heights restricted by the condition t v ∈ (a, b). The condition also sets a restriction on the vertical distance of the two cone points of (S, α). This in turn implies that the areas of the horizontal cylinders for (S, α) ∈ C i,(a,b) are restricted. Since the cylinder area is invariant under SL 2 (R) deformations the asymptotic constants c i,(a,b) (α) in 35 and 36 are the asymptotic quadratic growth rates of cylinders in (X, β) ∈ F τ which map to horizontal cylinders of some (S, α) ∈ C i,(a,b) for certain A ∈ SL 2 (Z).
For precise statements one can restrict to concrete examples. Note however that for finite orbit (S, α) one can always choose intervals (a, b) such that
in particular there are no cylinders on differentials (Y, τ ) ∈ O α which have area below a certain positive number.
d-symmetric elliptic differentials
A cone point s of order o on (X, ω) is called degenerated, if there is an open neighborhood U of s such that U \{s} is homeomorphic to the disjoint union of at least two punctured discs. We call s totally degenerated if there is a neighborhood U such that U \{s} is homeomorphic to o punctured discs. A differential (X, ω) is called degenerated, if it contains degenerated singular points. We call (X, ω) totally degenerated if all singular points are totally degenerated.
Note U \{s} is homotopy equivalent to a union of circles. Moreover degenerated surfaces are not described by a one form alone, one eventually has to provide information about identifications of (some) points. Degenerated surfaces appear naturally after collapsing cone points. In particular degenerated surfaces are part of the closure of moduli space fibers F .
d-symmetric torus coverings. We consider elliptic differentials of the shape
Recall that we have already fixed an ordering of the sheets T 2 of π : # d t h +itv T 2 → T 2 consistent with the cut and paste along v = t h + it v and the action of Z/dZ, like in figure 5 below. 
If the geodesic segment t h + it v ⊂ T 2 is defined as the projection of the geodesic segment connecting 0 and
Because of the cut and paste along t h + it v , the lift γ s,i of γ s to # d t h +itv T 2 , characterized by γ s,i (0) ∈ T 2 i , is on the sheet T 2 i+j when its projection γ s has crossed the segment t h + it v j times. Given a real number a we write by slight abuse of notation [a] for the integer part of a and {a} := a − [a]. Using this we observe that after one loop of γ s ,
If γ 1 and γ 2 are two chains of geodesic segments on an Abelian differential (X, ω) with ∂γ 1 = ∂γ 2 we might use cut and paste to see that
if the lifts of γ 1 and γ 2 to the universal covering ( X, ω) of (X, ω) bound a flat disc (i.e. a disc without cone points). Now the line segment
with two integers h and v. Denote the j-th sheet of # d h+iv+{t h }+i{tv } T 2 by T 2 j , j = 1, ..., d and rewrite the line segment h · 1 + v · i + {t h } + i{t v } on each T 2 i as the composition of the three segments h · 1 ⊂ T 2 , v · i ⊂ T 2 and {t h } + i{t v } ⊂ T 2 . By the discussion before the theorem we jump from the sheet T 2 j to the sheet T 2 j±h(d) when crossing h · 1 ⊂ T 2 upwards (+) or downwards (−). If we cross v · i ⊂ T 2 we jump from T 2 j to the sheet T 2 j±v(d) depending if we cross to the right (+) or to the left (−).
With fixed h, v ∈ Z, we now assume {t h } + i{t v } = 0 ∈ T 2 and follow a circular path ǫe iθ on # d h+iv T 2 centered at 0 ∈ T 2 j counter-clockwise. Starting with small θ we jump to the sheet j−v (d) when crossing the vertical i·v ⊂ T 2 j to the left. Next we are crossing the horizontal h ⊂ T 2 j−v (d) downwards to jump onto the sheet j − v − h (d). Continuing in that manner we jump back to j − v (d) and then to j (d) when completing the circle at θ = 2π. This already shows that all degenerated d symmetric covers # d h+iv (T 2 , dz) (h, v ∈ Z) are in fact totally degenerated. Now consider a d-symmetric differential defined by the geodesic segments h ∈ Z, iv ∈ iZ and ǫe iθ , with ǫ > 0. Changing θ ∈ [0, 2π) as above gives a closed loop, isometrically embedded in F 
is isomorphic to a disjoint union of tori:
is connected there is an m ∈ N, such that: 
with lattices Λ(v i , w i ) generated by two integer vectors v i , w i ∈ Z 2 . Because
for some A i ∈ SL 2 (Z) all tori have the same area. The second statement is clear, because rotation by 90 degrees is contained in SL 2 (Z).
The following Lemma tells us that surfaces in F 
Proof. Since (X, ω) is d-symmetric, we have two covering maps:
This implies there is a translation covering T 2 → X/(Z/dZ) and by the cone point orders of (X, ω) we must have X/(Z/dZ) ∼ = T 2 . We assume one cone point on (X, ω), say z 0 ∈ X is the preimage of [0] ∈ T 2 . If the second cone point is the preimage of [a + ib] ∈ T 2 we remove the line segment
with certain identifications along the boundaries of ∂Q a+ib,j . Further we can assume Z/dZ acts by moving Q a+ib,j to Q a+ib,j+1 mod d .
Denote the four boundary line segments of Q = [0, 1] × [0, i] by ∂ * Q with * = btm for the "bottom" component, * = top for the "top", * = lef t for the "left" and * = right for the "right" boundary component. Since the identifications done along the boundary and along I a+ib have to match with the Z/dZ-action we must have
• ∂ lef t Q a+ib,j = ∂ right Q a+ib,j+l for all j = 1, ..., d. By choice when crossing I a+ib from the left, we change from Q a+ib,j to Q a+ib,j+1 . Now given two numbers k, l ∈ {0, ..., d}, the line segment l+ik+a+ib ∈ C defines a d-symmetric covering # d (a+l)+i(b+k) (T 2 , dz) which has all the above properties and thus
Proof of Theorem 4. By Lemma 3 F sym d
is connected and thus a torus C/Λ by Lemma 1. The lattice Λ of this torus is a sub-lattice of Z ⊕ Zi by Lemma 2, moreover by SL 2 (Z)-invariance of F 
then using Lemma 3 it is easy to see that γ(0) = γ(d 
of all d-symmetric differentials (with fixed area d), we note that there is a fibration
with 
Geometric properties of d-symmetric differentials
Now we compose our knowledge about the modular fiber T 2 d of d symmetric torus covers over the base lattice Z ⊕ Zi and our counting formula to find the quadratic growth rate function on T 2 d .
Proposition 5. Take the differential # d t h +itv T 2 and assume 0 < t h < 1. 
Then the horizontal foliation of #
contains a simple direction with precisely k|d closed cylinders. 2. There is an A ∈ SL 2 (Z), and an m ∈ Z/dZ, such that
Moreover, if v ∈ T 2 d is a torsion point, we can add the statement: 3. There is an n ∈ N with
Proof. By Theorem 6 the horizontal foliation of a d-symmetric surface # d v T 2 contains precisely k|d cylinders if v ∈ ∂ top C m with k = (m, d). Now if a simple, periodic foliation of # d v T 2 contains precisely k|d cylinders there is an A ∈ SL 2 (Z) making this direction horizontal and thus we must have
Finally we need to find A ∈ SL 2 (Z) such that *
Remark: Suppose F is a 2-dimensional modular fiber of T 2 coverings and the natural projection π * : F → T 2 factors over T 2 d , then Proposition 6 implies that the preimage
If F is a space of differentials with two cone points, the origamis, i.e. surfaces which can be tiled by unit squares, in F are a subset of
We provide examples for this factorization of π * in [S2, S3] . However for F d (2) ⊂ F d (1, 1) the splitting of orbits is already known, see [McM4, HL] . Differentials on integer coordinates. We like to describe the degenerated surfaces having integer twist coordinates, (j,
For the first we do not care about, whether some of these degenerated surfaces are isomorphic, we just study their shape and their SL 2 (Z)-orbits in Splitting of orbits -moduli space recognition of invariant. Recently Hubert and Lelievre [HL] followed by a generalized approach of McMullen [McM4] have described invariants to distinguish SL 2 (Z)-orbits of genus 2 elliptic differentials with a single zero (of order 2). We suspect that one can observe a similar phenomen in a more general setup. In particular for differentials in genus 2 with 2 zeros of order 1 [S3, S4] .
Asymptotic constants -cylinders, generic case
Siegel Veech constants for generic differentials. We write down the Siegel-Veech constants as function of the point in the fiber of the moduli space. As before we restrict our considerations to the fiber F For even n the twist a = n/d = n/2 is integer and is on the horizontal leaf with vertical twist one. This horizontal leaf (see table above) reflects all directions with exactly one closed cylinder, thus for even n we obtain: Thus to find the quadratic growth rate of all saddle connections on # d t h +itv T 2 is easy, if we know the one for the two marked torus (T 2 , [0], [t h + it v ]). We did this in [S1] , however it is much easier to use the method developed in this paper. The main thing to do is to find the asymptotic quadratic growth constants for saddle connections on T 2 connecting [0] and [t h + it v ]. Assuming [t h + it v ] ∈ T 2 (n) = SL 2 (Z) · [1/n] formula 5 says mainly we need to measure distance of the points in SL 2 (Z) · [1/n] ∩ L 0 to the origin to the left and right and sum up the squares of their reciprocals. This gives (56) c ± (n) = 2n 2 ϕ(n)ψ(n) (i,n)=1 1 i 2 with limit n → ∞ the Siegel-Veech constant for saddle connections connecting the two markings on the generic 2-marked torus:
(57) c ± = π 2 3 .
We obtain the obvious invariants of the SL 2 (Z) orbit of a particular translation surface in F sym d
. The previous discussion of saddle connections shows, that we can characterize cusps of a particular SL 2 (Z)-orbit using particular types of saddle connections. The asymptotic quadratic constants are good enough to distinguish (finite) SL 2 (Z)-orbits, moreover if one adds the horizontal cylinder decomposition of the modular fiber, the quadratic constants are good enough to distinguish cusps of a particular SL 2 (Z) orbit.
As a matter of fact the quadratic growth rates of saddle conntections depend only on the saddle connections in the horizontal foliation of F sym d
. The generic constants however, obtained by approximation along the horizontal foliation are also the constants for saddle connections which will never be horizontal under application of an A ∈ SL 2 (Z).
